ni1j= (# Approximate convective terms using TVD schemes %)
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ni- (*+ Derive numerical equations of partial differencial equations of viscous,
compressible, heat conductive gas for 2D case,
according SIMPLE-TS published 1in Journal of Computational Physics,
2010, doi:10.1016/j.jcp.2009.09.042 %)
(* The system of PDE equations is:;
de(p.u)+dy(p.u.u)+dy(p.V.u)=—Ad,p+B(dx(Fdxu)+d,(rayu))+p. gX+B(6X(F6Xu)+6y(FaXv)—§ ax(r(axu+ayv)))
H
Be(P - V)+0x(p - U V4D, (P V - V)=-ADy p+B(8x(T0,v)+3, (F3yV))+p. gy +B(8y Ty v)+ax(TBy )~ 8, (T(8,u+d, v)))
H
0p+0x(p . u)+dy(p.V)=0
H
8¢(p . T)+0x(p - U T)43y(p. V. T)=Cr1(0x(MadxT)+8y(Mry T)}+Cr2 . [ . ®+Cr3. p(Bxu+dyV)
where:

0=2((axu)2+(ayv)2)+(axv+ayu)2—g (9xu+dyv)?

*)

4= (%
TVD scheme for Cartesian grid with constant space step (code C++)
double TVD(fi1l,fi2,fi3,fi4,V)=
if(fabs(fi3-fi2) < Epsilon)
{
if(V > 0.0) return(0.5 % psi_TVD((fi2 - fil)/(fi3-fi2)) * (fi3-fi2));
else return(0.5 » psi_TVD((fi4 - fi3)/(fi3-fi2)) » (fi3-fi2));
}

else return(0.0);

TVD scheme for Cartesian staggered grid (code C++)
double TVD(fi1,fi2,fi3,fi4,h1,h2,h3,h4,V)

if(fabs(((fi3)-(fi2))/(0.5%((h2)+(h3))))<Epsilon_TVD)
{
if((V)>0.0) return
(Psi_TVD(((fi2)=(fi1))((fi3)-(fi2))*(((h2)+(h3))/((h1)+(h2)))*((fi3)~(f12))x(h2)/((h2)+(h3)));
else return
(psi_TVD((((fi4)~(f13))((f1i3)-(fi2))x(((h2)+(h3))/((h3)+(h4)))*((fi2)—~(f13))x(h3)/((h2)+(h3)));
}

else return(0.0);

TVD scheme for Cartesian grid
with constant space step (code C++) - in coefficients
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double TVD_in_coefficients(fil,fi2,fi3,fi4,V)=
if(fabs(fi3-fi2) < Epsilon)
{
if(V > 0.0) return(0.5 % psi_TVD((fi2 - fil)/(fi3-fi2)));
else return(-0.5 » psi_TVD((fi4 - fi3)/(fi3-fi2)));
}

else return(0.0);

TVD scheme for Cartesian staggered grid (code C++)
double TVD_in_coefficients(fil,fi2,fi3,fi4,h1,h2,h3,h4,V)

if(fabs(((fi3)-(f1i2))/(0.5%((h2)+(h3))))<Epsilon_TVD)
{
if((V)>0.0) return
(psi_TVD((((F12)=(fi1))/((fi3)=(fi2))x(((h2)+(h3))/((h1)+(h2)))*(h2)/((h2)+(h3)));
else return(psi_TVD(=(((fi4)-(f1i3))/((fi3)-(Fi2)))*(((h2)+(h3))/((h3)+(h4))))*(h3)/(h2)+(h3)));
}

else return(0.0);

where

psi_TVD(r) is TVD scheme

V - velocity or mass flow rate 1in approximated point to determine flow direction
fi1,fi2,fi3,fi4 - neighbour points of approximated value between fi2 and fi3

hl,h2,h3,h4-space steps of control volume for fil,fi2,fi3,fi4, respectively
*)

ns:- (* Integration of equation for u %)

nei- (* Integration of unsteady term for u %)

hyn[j]n
Tudpudt =

((rho"['i_lj]" * thl[-i_llll + rhOllﬁj]u * hX"['i]")*u"['ij]" -
(rhoprug 1jm * hxug_ge + rhopruggm * hXupge) % Uprugs);

n7:- (* Integration of convective terms for u x)
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o= (¢ Flxwije is defined in point (X_vwip, Y_Vuyn), where field variables are defined;
Flxwggm = hyu[j]u*rhO'l[-ij]"*%*(ull[ilj]ll'l'ull[-ij]") - in new definition,
it is used that rho is defined on Control Surface X_Vuym;
Flxwsjr = %*(FXu[-i1j]u+FXuﬁj]u) - old definition «)
Tudpuudx = SimpLli fy["max(@, F1xn )" * Ungigpn = "MaX(@ y=F LXuijn)™ % Unps1pm +
"EIX[1j]" * "TVD_c_in_coeff(u[i_1j],ulijl,u[i1]],u[i2]], hx[i_1],hx[i],hx[i1],F1x[ij])" *
(unizge = Unpigpn) = ("mMax(0 , F1Xnps 15pm)" % Unps_15pm = "Max(0 , =F1Xnpi 15pm)" * Unpigpe + "FLIX[i_13]1" *
"TVD_c_in_coeff(u[i_2j],u[i_1j1,u[ij]l,u[i1]],hx[i_2],hx[i_1],hx[i], F1x[i_13])"

(g = Uni_150))]
1 0 .
In[9]:= IUdeUdy = Simpli fY[; i ("max(o ’ Fy“[i_lj 1]")" * Unpjqm = "max(@,-Fy..ﬁ_lj]_]..)" * Unpijyn + "Fy[‘l_l] 1]" *

"TVD_s_in_coeff(u[ij_1],u[ij]l,u[ij1],ulij2],hy[j_1]1,hy[j],hy[j1],hy[j2],Fy[i_1j1])" *

(ungigyn = Ungigpn) + "Max(0 , Fyugij )" % Unpigpn = "max(@ , =F Y5 0)" * Unpijopn + "Fy[151]" %

"TVD_s_in_coeff(u[ij_1],ulijl,ulij1],ulij2],hy[i_11,hy[jl, hy[j1],hy[j2], Fy[ij1])" *

(u"['ijll" - u"['ij]")

= ("max(®, Fynu;; 15m)" % Unpij_apn = "Max(® ,=Fyu; 50" * Unpigpe + "Fy[i_13]"
"TVD_s_in_coeff(u[ij_2],ulij_1],ulijl,u[ij1], hy[j_2],hy[j_1],hy[jl,hy[j1], Fy[i_1j])" *
(ungigpr = Unpsg_ggv) + "max(o, Fyugigpm)" * Unpij_agn = "max(@ , =Fyug;pn)" * Ungigp + "Fy[i3]" *
"TVD_s_in_coeff(u[ij_2],ulij_1],ulijl,u[ij1], hy[j_2],hy[j_1],hy[j]1,hy[j1], Fy[ij])" *
(ungigp = u"ﬁj_ll")))]
1

out9]= E ((max(®,=Fy} 1) + max(0, Fyy 14q) + max(0,-Fy;5) + max(@, Fyy;qy) - Fy[i_131]

TVD_s_in_coeff(u[ij_1],ulij],ulij1],uli]j2],hy[j_1],hy[j],hy[j1],hy[j2], Fy[i_1j1]) -
Fy[ij1] TVD_s_in_coeff(u[ij_1],u[ij],ulij1],ul[ij2], hy[j_1], hy[j], hy[j1],hy[j2], Fy[i]j1]) -
Fy[i_1]]

TVD_s_in_coeff(u[ij_2],u[ij_1],u[ij],uli]j1], hy[j_2],hy[j_1],hy[]], hy[j1], Fy[i_1]]) -
Fy[ij]1 TVD_s_in_coeff(u[ij_2],ulij_1],u[i]],ulij1], hy[j_2],hy[j_1],hy[]j], hy[j1], Fy[i]])

Upig = (max(@, Fy; 13) +max(@, Fygy) - Fy[i_13]

TVD_s_in_coeff(u[ij_2],ulij_1],u[ij],ulij1], hy[j_2],hy[j_1], hy[j], hy[j1], Fy[i_1]]) -

Fy[ij]1 TVD_s_in_coeff(u[ij_2],ulij_1],u[i]],ulij1], hy[j_2],hy[j_1],hy[]], hy[j1], Fy[i]])
Upij_a = (max(@, =Fy 15) + max(0,-Fyp5y) - Fy[i_131]

TVD_s_in_coeff(u[ij_1],u[ijl,uli]j1],ul[ij2],hy[j_1],hy[j],hy[j1],hy[j2], Fy[i_1j1])-
Fy[i]j1]

TVD_s_in_coeff(u[ij_1],u[i]],ulij1],u[ij2], hy[j_1],hy[j], hy[j 1], hy[j2], Fy[ij1])) upij)

niop= (# Integration of diffusion terms for u %)
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1= (%
Duxn 115 w=Bw s sk Yo M
(13l 3l hXugipn
hYusn
DUX"[ij]"=B*r"[1‘_1j]"* — f]l .
i

*)
Iudrdudx2 = DUX"[ilj]" * (Uu[-i lj]" - u"ﬁj]") - DUX"[ij]" * (u"[‘ij]" - u”[‘i_lj]”);
(» Interpolation of I in middle point is:
Fyf..ﬁj]..=H'i (r"[-ij_l]" ) F--ﬁj]-- ) hy..[j_ll.. ) hy..[j]..)
*)
(*

1 .
Duy..[i j]..=B*(hx-umu*l'yf..[i_lj]..+hx-|[1-]..*l'yf..[1~ j]u)*m b

Duy..ﬁj1]..=B*(hx|-[.i]u*ryf..[1~_lj 1]u+th[-i]u*ryfu[.ij]_]u)* hy 5

Y g
*)
Iudrdudy2 = Duyu[.ij]_]u * (U"[-ij]_]" - Ull[ij]ll) - Duyu[.ij]u * (U"[-ij]" - u"[‘ij_l]");
ni1a= (* Integration of pressure term %)
Tudpdx = -A=* (p"['ij]" - p“['i_lj]") * hy..[j].. 5
In[14]:= (* Integrati on of source term *)
IUdrddedX =B=* ((Fyf..ﬁ_lj " * hX"['i_l]" + Fyf..[.ijl].. * th[-i]n) / (hx“['i_ll“ + hX"['i]") * (V"[-ij]_]" - V"['i_lj 1]") -
(ryf"[i_lj]" * th[.i_]_]n + ryf"ﬁj]" * th[.i]u) / (hX"[‘i_l]" + thl[ﬂu) * (V"[‘ij]" - V"[‘i_lj]"));

IudrdVdXdy = B * (r"[‘ij]" * (V"[‘ijl]" - V"[‘i j]") - r"[‘i_lj]" * (V||[1'_1j " - V"['i_lj]"));
nie- (* The source term is: Su = B(ax(raxu)+ay(raxv)-§ ax(r(axu+ayv))) *)
2
TuSu = Tudrdudx2 + Tudrdvdydx - — % (Iudrfdudx2 + Tudrdvdxdy)
3

outrel- DUXpiagy (Upiag) = Urigr) = DUXpigy (= Ugi 1 + Ui 3) =
2
3 (Duxgiagy (Upi 13 = Ugig) = DuXpigy (= Upi_vgy + Upig1) + B (= ((= Vi 13y + Vi1 1) Ti_ugn) + (= Ve + Veigo) M) +

; (=Vei_ag + Viia) (hxe_u TY Fii_agp + hxen Ty Fag) (5 Vi + Veisn) (hxa_a Ty Fis gy + hxe Ty fi51)
- +
hX[-]] + hX[-]_l] hX[-j] + hX[-]_]_]

ni17= (* Derive numerical coefficients for source term x)

e~ aSu@ = Simplify[-Coefficient[IuSu, unw;jp]]

1
out[18]= g (DUX['ilj] + DUX[W’J’])

nrep- asSul = Simplify[Coefficient[IuSu, um;_1jv]]

Duxqij)

Out[19]=

3
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In[20]:=

Out[20]=

In[21]:=

out[21]=

In[22]:=

out[22]=

In[23]:=

Out[23]=

In[24]:=

Out[24]=

In[25]:=

asu2 = Simplify[Coefficient[IuSu, un;ij]]
DUX(i1j)

3

asu3 = Simplify[Coefficient[IuSu, uwij gp]]
(0]

asu4 = Simplify[Coefficient[IuSu, um;jyn]]
0]

Suc =

Simplify[-(IuSu - (aSu® * Unp;jpn = (ASUL * Uni g5 + ASU2 * Uni1jp + ASU3 * Uni_gpn + aSU4 * Uniiyv)))]

1
g};;;::;;;;;(—zDuxﬁﬂ(hxﬁ]+hxﬁJﬂ(Uﬁ,U1—Uﬁﬂ)—
2 Duxigy (Mg + hxgs_ag) (Uiag) = Upign) + B g1 (=2 iy Mg+ 2 Vg Ty +
VIi_15] (2 Mi1-3 ryf['i_lj]) +3 Vpig) ryf['i_lj] -3 Viijy ryf['i_lj 1+ VEgy (‘2 Mg +3 ryfﬁ_lj 1])) +

B hxpay (=2 Viig Mgt + 2 Vi Mgy + Vi 191 (2 Mgy = 3 TY Fagy) + 3 Vi Ty gy -
3 Vi MY gy + Viiagy (-2 Mg + 3Ty Fa51)))

(* Check the derived numerical coefficients - the result have to be zero: %)

Si mp'L1' fy[IUSU - (aSuG * Unpign = (aSul *Unp g4 + aSu2 » Unpi15pn + asSu3 * Unpi5_ g + asSu4 Unpijqn + SUC))]

0

(%)
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inze)= (* ALl tesms are moved to the left hand
side to derive the numerical coefficients. %)
uExpresion =
FullSimplify[(Tudpudt + Tudpuudx + Iudpvudy + Iudpdx - (Iudrfdudx2 + Iudrdudy2))- IuSu]

1
Out[26]= E 6 A hy[]] (p['Ll]] - p[TJ]) -6 (maX(O B FlX[-|71]]) -

F1x[i_1j]TVD_c_in_coeff(u[i_2j],u[i_1j1,u[ij],u[i1]], hx[i_2],hx[i_1], hx[i], le['i_lj]))
Ugi_19) - 6 (max(@,-F1x5) - F1x[17]
TVD_c_in_coeff(u[i_13j],ulij],uli1j],u[i2]7],hx[i_1],hx[i],hx[i1], F1x[i j]))
Upizg) + 6 (Max(0,-F1xp_147) + max(0, F1xp4) -
F1x[i1j] TVD_c_in_coeff(u[i_1j],u[ij],u[i1]],u[i2]],hx[i_1],hx[i],hx[i1], F1x[i]]) -
F1x[i_1j] TVD_c_in_coeff(u[i_23],u[i_1j],u[i]],uli1j],hx[i_2],hx[i_1],hx[i], F1x[i_13]))
Upig + 3 (max(O , —Fy[tlj]) + max(0, FYii_13 1) + max(@ ,—Fyﬁj]) +max(o, Fyﬁjll) -Fy[i_13j1]
TVD_s_in_coeff(u[ij_1],ulij],ulij1],ulij2],hy[j_11, hy[j],hy[j1], hy[j2], Fy[i_1j1]) -
Fy[1j1] TVD_s_in_coeff(u[ij_1],ulij],ulij1l,ulij2], hy[j_1],hy[j], hy[j1], hy[32], Fy[ij1]) -
Fy[i_1j]
TVD_s_in_coeff(u[ij_2],ulij_1],uli]j],ulij1], hy[j_2], hy[j_1],hy[j], hy[j1], Fy[i_1]]) -
Fy[ij]1 TVD_s_in_coeff(u[ij_2],ulij_1],u[i]],ulij1], hy[J_2], hy[j_1], hy[j], hy[3 1], Fy[i]]))
3 hyy) (hxgi_gy rhogi 1) + hxgs) rhogig) i)
Upig + ht +
8 DuXpis) (- Uri_vj) + Urifp) + 8 Duxpizg) (~Urizg + Urig) +
6 Duy(i (Urig) - Urij u) -
3 (max(0, Fyp; 13) + max(0, Fygy) = Fy[i_13]
TVD_s_in_coeff(u[ij_2],ulij_1],uli]j],ulij1], hy[j_2], hy[j_1],hy[j], hy[j1], Fy[i_1]]) -
Fy[iJ]1 TVD_s_in_coeff(u[ij_2],ulij_1],uli]],ulij1], hy[_2], hy[j_1],hy[j], hy[3 1], Fy[i]])
Urij 1+ 6 DUY(iq (Upig) = Upign) = 3 (Max(@,-Fyp 147) + max(®,-Fy4q) - Fy[i_131]
TVD_s_in_coeff(u[ij_1],ulij],ulij1],uli]j2],hy[j_11,hy[j],hy[j1], hy[j2], Fy[i_1j1]) -
Fy[ij1] TVD_s_in_coeff(u[ij_1],ulij],ulij1],ulij2], hy[j_1], hy[j], hyl[j1], hy[j2], Fy[i]j1])
3 hyy; (hxgi g rhopry; 14+ hxgi rhopriiy) upriy,

Urijy =
ht

4B (Vi) = Vi 13 1) M 191 + 4 B (= Viag) + Vesgn) Tpagy +

6B (— V[‘i_lj] + V[-]j]) (hX[-j_l] ryf[tlj] + hX[-]] ryf[.lj])

+
hX[-j] + hX[-]_l]

6 B (vii_1jy = Viign) (hxe o Ty Fis 150 + hxe Ty fii51)

hX[-i] + hX[-]_]_]
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7= (* Derive numerical coefficients %)
aud = Simplify[Coefficient[uExpresion, un;jn]]

1
Out[27]= g 8 DUX[-] 1] +8 DUX[-ij] +31|2 maX(O 5 _le[‘iilj]) +2 maX(O 5 FlX[-,:”) +

max(0,-Fy; 14) + max(@,Fy; 151) + max(0,-Fyp4) + max(@, Fyp4q) - 2 F1x[i7]
TVD_c_in_coeff(u[i_13j],u[ij]l,uli1]],uli23], hx[i_1], hx[i], hx[i1], F1x[i]]) - 2 F1x[i_13]
TVD_c_in_coeff(u[i_23j],u[i_13j],u[ij],u[i1]],hx[i_2],hx[i_1],hx[i], F1x[i_13]) - Fy[i_1j1]
TVD_s_in_coeff(u[ij_1],ulijl,ulij1],ulij2],hy[j_11,hy[j], hy[j1],hy[j2], Fy[i_1]1]) -
Fy[1j1] TVD_s_in_coeff(u[ij_1],ul[ij],ulij1],u[ij2], hy[j_1],hy[j], hy[j1], hy[j2], Fy[ij1]) -
Fy[i_1j]
TVD_s_in_coeff(u[ij_2],ulij_1],u[ij],ulij1], hy[j_2],hy[j_1], hy[j], hy[j1], Fy[i_1]]) -
Fy[ij1 TVD_s_in_coeff(u[ij_2],ulij_1],uli]],ulij1], hy[j_2],hy[j_11, hy[j], hy[j 1], Fy[ij]) +
hx i 1 hy[j] rhop 15, hxp hy[j] rhogy ]]

2 Duy ;4 + 2 DUy + +
[17] i3y ht ht

negi- aul = Simplify[-Coefficient[uExpresion, um;_ijm]]
outizsl= max (@, F1xp_15y) -

4 DUX;s+
F1x[i_1§] TVD_c_in_coeff(u[i_23],uli_13],ulij], uli 131, hx[i_2], hx(i_1], hx[i], F1X[i_15]) + ——

n29)}= au2 = S'impl'ify[—Coeff‘iC'ient[uExpreS'ion, u"[ilj]"]]
outi29)= max (0, -F1xp4) -

.. . e . . . ... ADuXp
F1x[1j]1TVD_c_in_coeff(u[i_1j],u[ij]l,u[i1]],u[i2]],hx[i_1],hx[i],hx[i1], F1x[i]]) + ——

neop- au3 = Simplify[-Coefficient[uExpresion, umij ]
1
Out[30]= > (max(@, Fy 15) + max(0, Fys4) -
Fy[i_1j]1 TVD_s_in_coeff(u[ij_2],u[ij_1],ulij],ulij1],hy[j_2],hy[j_1],hy[]j], hy[j1], Fy[i_1]]) -
Fy[ij1 TVD_s_in_coeff(u[ij_2],u[ij_1],uli]],ulij1], hy[j_2], hy[j_1], hy[j], hy[j1], Fy[ij]) +
2 Duyi )

na- aud = Simplify[-Coefficient[uExpresion, uw;jyn]]
1
out[31]= E (max(o »=FYi_151) + max(0,-Fy44) -
Fy[i_131] TVD_s_in_coeff(u[ij_1],ul1]],ulij1],uli]2],hy[j_1],hy[j], hy[j1], hy[j2], Fy[i_1]1]) -
Fy[ij1] TVD_s_in_coeff(u[ij_1],u[i]],ulij1],u[ij2], hy[j_1],hy[j],hy[j1],hy[j2],Fy[i]1]) +
2 Duypijy)
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nE2l= bu =

Si mp'L1' fy[—(uExpresi on- (auO * Unpign = (aul *Unpi g9 + au2 * Unpia4m + au3 * Unpi§ g + au4 * u"[-ij]_]u)))]

1
out[32)= (3 hx[zﬂ hy; rhopriij uprpg; +
6 ht (hX[-]] + hX[-i_l])

hx;i 1 (hyy5; (-6 Aht pri 15+ 6 At pragy + 3 hxgs g rhopry; g5 uprig) + 2 B ht (2 viig) Mgy = 2 Vi Mgy =
3V Ty Frag *+ Ve g (=2 Mgy + 3 TYFp15) + Vei a3y (2 T a3y = 3TY i 1yn) + 3 Viagu Ty Fraagn) +
hx (hy[j] (-6 Aht pji_15;+ 6 Aht prij + 3 hxp g (l’hOPr[i_lj] + rhOprﬁjl) Upr[ijl) +
2B ht (2 v Mgy - 2 Visgn Mg = 3 Viag Ty Fag +

Vi 191 (=2 g + 3 Ty Fag)) + Vi3 (2 TeiLagn = 3Ty Fiag) + 3 visgu Ty fiagy))

nisa- (# Check the derdived numerical coefficients - the result has to be zero: %)
Simpli fy[uExpres*i on - (aue * Unpijpn = (aul * Unpj_19)n + QU2 % Unpjp4pn + QU3 * Unpij 10 + QU4 * Unpiqn + bu))]

out[33= O

ini34= au@TVD = ="F1x[ij]" "TVD_c_in_coeff(u[i_1j],u[ij]l,ulilj]l,u[i2]],hx[i_1],hx[i],hx[i1],F1x[ij])" -
"F1x[i_13j]" "TVD_c_in_coeff(u[i_2j1,u[i_1j],u[ij]l,u[i1]],hx[i_2],hx[i_1],hx[i],F1x[i_1j])" -

1
— «("Fy[i_1j1]"
2

"TVD_s_in_coeff(u[ij_1],u[ijl,u[ij1],u[ij2],hy[j_11,hy[j]l,hy[j1],hy[j2],Fy[i_1j1])" +
"Fy[ij1]"

"TVD_s_in_coeff(u[ij_1],ulijl,ulij1],ulij2],hy[j_11,hy[jl,hy[j1],hy[j2], Fy[ij1])" +
"Fy[i_13]"

"TVD_s_in_coeff(u[ij_2],ulij_1],ulijl,ulij1], hy[j_2],hy[j_1],hy[j],hy[j1], Fy[i_1j])" +
"Fy[i3]"

"TVD_s_in_coeff(u[ij_2],ulij_1],ulijl,ulij1], hy[j_2],hy[j_1],hy[j],hy[j1],Fy[ij]");

in3si- auONOTVD = Simplify[au® - aud@TVD]

1
ouizsl- —— (8 ht Dux;i14 + 8 ht Duxi4; +
6ht( [11]] [i3]

3 (2 max(@,-F1x;_15) ht+2max(0,F1xgj) ht +max(0 »=FYi_13) ht+max(0, Fyp; 155) ht+
max(0,-Fy;5) ht+max(0, Fyy; y) ht+2 ht Duy;y +

2 ht Duy(iy + hxgi_yy hygg) rhog 1) + hxgy hygg rhogig))

nesi- Simplify[uExpresion -
((auONoTVD + auOTVD) * uu[-ij]" - (aul * u“['i_lj]" +au2 * Unpg "+ au3 * U"[-ij_]_]" +au4 x u"[-ijl]" + bu))]

out[36]= O
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In[37)= (%%)

nissi= (# Integration of equation for v %)

nisel= (# Integration of unsteady term for v %)

thl[-i]ll
Ivdpvdt =

((rhollﬁj_l]ll * hyll[j_llll + rholl[-ij]ll * hyu[j]ll)*V"[-ij]" -
(rhoprugj g * hyug g + rhoprugge * hywg) * Vprugim);

n4oi- (* Integration of convective terms for v x)

1
n41:- Ivdpuvdx = Simpli fy[; ("max(®, FXnpi14)" * Vapigpr = "max(® y =FXnpi14pm)" * Vopi g + "FX[113]" %

"TVD_s_in_coeff(v[i_1j],v[ijl,v[i1j],v[i2]j],hx[i_1],hx[i],hx[i1],hx[i2], Fx[i1j])" *

(Vopizg = Vopigpn) + "max(0 5 FXnpi15 130)" * Vigggpn = "max (@ , —=FXupi 14 1yn)" * Vg g + "FX[115_1]" %

"TVD_s_in_coeff(v[i_1j],v[ijl,v[i1j],Vv[i2j],hx[i_1],hx[i],hx[i1],hx[i2],Fx[i1j_1])" *

(Vogiagn = Vorigpe)

= ("max(® , Fxupim)" * Virps 147 = "Max(@ , =FXnpi5pn)" * Vopspm + "FX[13]" %

"TVD_s_in_coeff(v[i_2j1,v[i_1j1,v[ijl,Vv[i1j]l,hx[i_2],hx[i_1],hx[i],hx[11],Fx[ij])" *
(Vogigpr = Vops_1477) + ""max(@ , FXopi_1ym)"™ % Vops 1570 = "Max(0 , =FXngi5 130)" * Vo + "FX[1J_1]" »
"TVD_s_in_coeff(v[i_2j],v[i_1j1,v[ijl,Vv[il]],hx[i_2],hx[i_1],hx[i],hx[i1],Fx[ij_1])"

w (vorige = Va3

4= (¢ Flywige is defined in point (X_Vugm, Y_Vugp), where field variables are defined;

Flywijm = hxnmu*rho--ﬁjl-.*i*(v--ﬁjll--+v--[1-j]u) - new definition,

it is used that rho is defined on Control Surface y_vuyn;

Flyuwigpn = 5*(FYuijy+Fynijge) = old definition )

Ivdpvvdy = Simpli fy["max(o s F1Yupggpn)" % Vopigpn = "max(0 , =FLyup4u)" * Vo +
"F1y[ij]" * "TVD_c_in_coeff(v[ij_11,v[ijl,vI[ij1l,v[ij2],hy[j_11,hy[j]l,hy[j1], F1y[ij])" *
(Voggyn = Vopigp) = ("max(® , FLyug )" % Vogij_age = "Max(0 y=FLyw s gn)" % Vo + "FLy[ij_1]"

"TVD_c_in_coeff(v[ij_2],v[ij_11,v[ijl,Vv[ijl1],hy[j_2],hy[j_1],hy[j],F1y[ij_1])"

(Vogigrn = Voris_ae))]s

ni43= (* Integration of diffusion terms for v %)
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ni44y- (# Interpolation of I in middle point dis:
rXfllﬁj]ll:H'i (r”[‘i_lj]” 9 rllﬁj]u P hX”[‘i_l]” ’ hX"[i]")

*)
(*
jq1= "4 n [[TEE] n npsn nps S —_—
DV jn=Ba(hyngg gyeal X Fuig_gpnrhyngg ol X Fups 0 )% e
i141"= "4 n [IEE " npsn [EE L —_—t .
DVXu[11]] B*(hy [3_11 'er.F [11j_1] +hy [31 *rXf [i13] )* hx.|[1-].|+hx..[1-l]., 5
*)
IVdrdVdX2 = DVXII[-i 3" * (V"['i " - V"['ij]") - DVXII[-ij]II * (V"['ij]" - V"['i_lj]");
In4s]= (%
h Xy
Dvy..ﬁj1]..=B*Fu[1-j]u*h 1 5
Yoggm
hXuggym
DVy"[‘ij]"= B*I’u[.ij_ll..*h = 5
Yog_gn

*)

Ivdl'dvdy2 = DVyu[.ij]_]u * (V"['ijl]" - Vu[-ij]u) - DVyuh‘j]u * (Vn[-ij]n - V"['ij_l]");

n4el- (* Integration of mass forces term (the gravity term) x)
gy * th[.i]u

IVpgy = (rho"['ij_ll" * hyu[j_l]ll + rhOU[-ij]" * hyu[j]u) * T 5

n47= (# Integration of pressure term %)
IVdpdy = -Ax (p"[‘ij]" - p"['ij_l]") * th[.i]u ;
ni4sl= (# Integration of source term %)
Ivdrdudxdy =B=x* ((ran[-i 1 * hyu[j_l]ll + rXfu[-ilj]u * hyn[j]n) / (hy"[j_ll" + hy"[j]") * (u"['i 13" = Ungg lj_l]”) -
(rXfu[-ij_llu * hy..[j_ll.. + Fxf..ﬁj]u * hyu[j]u) / (hy..[j_ll.. + hy..[j]..) * (u"[-ij]" - u"['ij_l]"));
IVdrdudde =B=x* (r"['ij]" * (U"[-i 5 U"[-i j]") -_ r"['ij_l]" * (U"[-i 11" - u"['ij_l]"));
w0~ (« The source term is: Sv = B(ay(To,v) + a,(To,u) -38,(F(@u + 9,v))) #)

2
IvSv = Ivdrdvdy2 + Ivdrdudxdy - — * (Ivdrdudydx + Ivdrdvdy2)
3

Out[50]= = DVy[ij] (V[-] i1~ V[‘ij_l]) + Dvy[‘ijl] (— V[-]j] + V[‘ijl]) -
2
3 (=D (Veidr = Veig_a) + DVYpigy (= Ve + Veign) + B (Ui = Upin) Tegr = (Uping_a = Ypig_a) Tig_u)) +

(upingy = Uping ) (hygg DX Faag + hyg g TXFaag ) (U = g o) (hyg Tx g+ hyg g Txfiag )

hygs; +hyg hyg; +hygs g

nsi- (* Derive coefficients for source term %)

nszi- aSve = Simplify[-Coefficient[IVSv, vujp]]

1
Out[52]= g (DVyh‘j] + Dvyﬁjl])
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In[53]:=

Out[53]=

In[54]:=

Out[54]=

In[55]:=

Out[55]=

In[56]:=

out[56]=

In[57]:=

out[57)=

In[58]:=

Out[58]=

In[59]:=

asvl = Simplify[Coefficient[IVSv, vu; 1j0]]
(0]
asv2 = Simplify[Coefficient[IVSv, Vuyijn]]
(0]
asv3 = Simplify[Coefficient[IVSv, Vuij_yv]]
DVY(ig

3

asv4 = Simplify[Coefficient[IVSv, Vuijy]]
DVY(ijy

3

Svc =
Simplify[-(IvSv - (aSVO * Vupsjpn = (ASVL * Vg 15 + @SV2 * Vg1 jpn + @SV3 * Vig_gpn + aSV4 * Vi)
1
3 (hygg; +hy )
(2 Dvypag (hygg) + hygs_u) (Ve = Vi ) + 2 Dvyigy (Y + hyg ) (Vis = Vissa) + B hyg (=2 Uping g Trig g +
2 Upig_1 Mgy + Uping (2 Mgy = 3 X Fiag) + 3 Uping oy X Fpng = 3 Uiy TXFgy + Upiy (-2 Ty + 3 TxFig)) +
B hyyy (-2 Uizg o Mo+ 2 Upss g Mg + Uiag) (2 Mgy = 3 TXFpag o) +

3 upingy PxFing = 3 Upg o TX Py + Ug) (=2 gy + 3 TxFiag )

(» Check the derived coefficients - the result has to be zero: %)

Simpli fy[IvSv - (aSVO # Vupijpr = (@SVL % Vs 141w + @SV2 # Vg1 + @SV3 % Vg 1yn + @SV4 % Vg + Svc))]

0

(%)
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neoj= (# ALl tesms are moved to the left hand
side to derive the numerical coefficients. %)
vExpresion = FullSimplify[
(Ivdpvdt + Ivdpuvdx + Ivdpvvdy + Ivdpdy - (Ivdlrdvdx2 + Ivdrdvdy2 + Ivpgy))-IvSv]

1
out[60}= g -3 (max(0, Fxpi4) + max(®, Fxi4_1) - Fx[17]

TVD_s_in_coeff(v[i_23],Vv[i_13],Vv[ijl,Vv[il]j],hx[i_2],hx[i_1],hx[i],hx[i1], Fx[i]]) - Fx[ij_1]
TVD_s_in_coeff(v[i_27j],Vv[i_17j],VvI[ijl,Vv[il]j]l,hx[i_2],hx[i_1],hx[i],hx[i1],Fx[ij_1]) +
2 DVXpig)) Vii_13) = 3 (max(0, -Fxi14) + max(® ,-Fx;i15 1) -
Fx[i11j] TVD_s_in_coeff(v[i_1j1,v[ijl,Vv[iljl,Vv[i2]], hx[i_1],hx[i],hx[i1],hx[i2], Fx[i1]]) -
Fx[i1j_1]
TVD_s_in_coeff(v[i_13j],VvI[ijl,Vv[iljl,Vv[i2]j]l,hx[i_1],hx[i],hx[i1],hx[i2], Fx[i1j_1]) +
2 DVXpizg) Viig + 3 (2 max(0, Flypy) + 2 max(0,=F1y4 45) + max(0, Fxpij) +
max(0, FXpi15 1)) + max(0,-Fxp4) + max(0,-Fxgi4_q5) -
2 F1y[ij]1TVD_c_in_coeff(v[ij_11,v[ijl,v[ij1],Vv[ij2],hy[j_11,hy[j],hy[j1], F1y[ij]) -
2 F1y[ij_1]1TVD_c_in_coeff(v[ij_2],v[ij_1],v[i]jl,Vv[ijl]l,hy[j_2],hy[j_1],hy[]j], F1y[ij_1]) -
Fx[11j] TVD_s_in_coeff(v[i_13], Vv[ij],Vv[ilj], v[i23j], hx[i_1],hx[i],hx[i1],hx[i2], Fx[i1}]) -
Fx[11j_1]
TVD_s_in_coeff(v[i_13],Vv[ijl,Vv[i1l]j]l,Vv[i2]j],hx[i_1],hx[i],hx[i1],hx[i2], Fx[i 1j_1])) Vg +
(— 3 Fx[1j]1TVD_s_in_coeff(v[i_2j1,v[i_1j1,v[ij],Vv[i1l]]l,hx[i_2],hx[i_1],hx[i],hx[i1], Fx[i]]) -
3 Fx[ij_1]
TVD_s_in_coeff(v[i_27],Vv[i_13],VvI[ijl,Vv[il]j]l, hx[i_2],hx[i_1],hx[i],hx[i1],Fx[ij_1]) +
6 DVXi1j) + 6 DVX(ij) + 8 DVy(i4 + 8 DVYiyy) Viig = 6 (max(0, Flyij yy) -
Fly[ij_1] TVD_c_in_coeff(v[ij_21,v[ij_11,v[ijl,Vv[ijll,hy[j_2],hy[j_1],hy[j], F1y[i j_l]))
Viij.1 - 6 (max(o, -Fly;q) - F1y[i3]
TVD_c_in_coeff(v[ij_1],Vv[i]l,v[ij1l,v[ij2], hy[i_1l,hy[il, hy[3 1], F1y[i3]) Vi1 -

1
8 (DVY(i4 Viii_u *+ DVYpigy Viign) - =3 hxgi) (2 Ahtprij -2 Aht prijy+
(hy[j] rhogij + hyg g rhopij 1) (g8y ht - viig) + (hy[j] rhopriis; +hyg 1 rhoprﬁjil]) vprﬁj]) +

4B (g = Yrig) Mg + (=Yg o + Ugig ) Mg ) +
1

hygg; + hygs

6 B (hyy; (= Upizq + Uiy ) T Frang + (Upig) = Upigag) TxFrag) +

hygs_yy (= Ugig + Upig 1) TXFrig o + (U5 = Ugig ) TxFpag )
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In61]:=

Out[61]=

In[62]:=

Out[62]=

In[63]:=

out[63]=

In[64]:=

out[64]=

In[65]:=

out[65]=

(» Derive numerical coefficients %)

ave = Simplify[Coefficient[vExpresion, vu;ju]]

1
g 6 max(0,Fly;y) + 6 max(0,-Flyyy q) +

3 max(0, Fxp1g) + 3 max(0, FxXpi1j 1) + 3 max(0,-Fxiq) + 3 max(0,-Fxgij_y) -
6 F1y[ij] TVD_c_in_coeff(v[ij_1],v[ijl,v[ijll,v[ij2],hy[j_1], hy[j], hy[j1], F1y[i]]) -
6 F1y[ij_1]1TVD_c_in_coeff(v[ij_2],v[ij_1],v[i]j],Vv[ijl]l,hy[j_2],hy[j_1],hy[]], Fly[i]j_1])-
3 Fx[11j]1TVD_s_in_coeff(v[i_1j],v[ijl,Vv[i1lj],Vv[i2]]1,hx[i_1],hx[i],hx[i1],hx[i2], Fx[i11]]) -
3 Fx[11j_1]1TVD_s_1in_coeff(v[i_1j],v[i]j]l,Vv[i1]],Vv[i2]],hx[i_1],hx[i],hx[i11],hx[i2],Fx[11]_1])-
3 Fx[1j]1TVD_s_in_coeff(v[i_2j1,v[i_1j1,v[ijl,v[il]]l,hx[i_2],hx[i_1],hx[i],hx[i1], Fx[i]]) -
3 Fx[1j_1]TVD_s_in_coeff(v[i_2j],v[i_1j1,v[i]],Vv[ilj],hx[i_2],hx[i_1],hx[i],hx[i1], Fx[ij_1]) +
3 hxq hy[j] rhopy; 3 hxp hy[jil] rhoij gy
+

6 DVX['ilj] +6 DVX[jj] +8 Dvy['lj] +8 Dvy['ljl] + ht ht

avl = Simplify[-Coefficient[vExpresion, vu; 154]]

1

E (max(@ 5 FX[q‘ ]]) + max(O 5 FX[-ijil]) -
Fx[1j]1 TVD_s_in_coeff(v[i_2j1,v[i_1j1,v[ijl,Vv[iljl, hx[i_2],hx[i_1],hx[i],hx[i1], Fx[ij]) -
Fx[1j_1] TVD_s_in_coeff(v[i_2j1,v[i_1j1,v[ijl,Vv[il]jl, hx[i_2],hx[i_1],hx[i],hx[i1], Fx[ij_1]) +
2 Dvxgig)

av2 = Simplify[-Coefficient[vExpresion, vu;ijv]]
1

E (max(0,-Fx;i13) + max(®,-Fx;15 1) -

Fx[11j]1TVD_s_in_coeff(v[i_1j1,v[ijl,Vv[i1l]l,v[i2]]1,hx[i_1],hx[i],hx[i1],hx[i2], Fx[11]]) -
Fx[11j_1]TVD_s_in_coeff(v[i_1j1,v[i]],Vv[i1]],Vv[i2]],hx[i_1],hx[i],hx[i1],hx[i2], Fx[11]_1])+
2 DVX[‘ilj])

av3 = Simplify[-Coefficient[vExpresion, vu;j 1]

max(0,Flyy4 q) -
. . . . o . . . . 4Dvyjij
Fly[ij_1] TVD_c_in_coeff(v[ij_2],Vv[ij_1],Vv[ij],v[ijll,hy[j_2],hy[j_1],hy[j],F1y[i]_1])+ 5

av4 = Simplify[-Coefficient[vExpresion, vu;jy]]

max(0,-F1ly;s) -
. . . o . . . . ... 4Dvypgy
Fly[ij]1 TVD_c_in_coeff(v[ij_1],v[ij],v[ij1],v[i]j2],hy[j_1],hy[j],hy[j1],F1y[ij])+ ————
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Injes]:= bv =
Si mp'L1' fy[—(vExpresi on- (avO * Vo = (avl * Vo 14 + av2 * Vipigm + av3 * Vi g + av4 x Vu[-ij]_]u)))]

1
Out[66]= m hX[-i] (2 Aht Prij — 2Aht Prijy+8Yy ht hy[j] I’hO[-ij] +

1
gy ht hY[j,l] rhopj g+ hy[j] rhoprﬁj] VPriig + hy[jil] rhoprﬁjil] vprﬁj]) f—
3 (hyy +hygs )

B (hyy5; (2 Uiy M50 = 2 Upig oy Mgy = 3 Uiy g PxFagy + Uiy (=2 Mg + 3 TxFraag) +
Upi 31 (2 gy = 3 TXFrag) + 3 Uiy TxFpagg) + hyg g (2 Upingn Mgy = 2 U Tga =

3 Uiy PxFriagay + Uy (=2 Mgy + 3 TxFring ) + Upig (2 Mgy = 3 TxFrag ) + 3 Upig o TxFrig )

ne7= (# Check the derived numerical coefficients - the result has to be zero: %)

Simplify[vVExpresion - (ave  Vuyjm = (VL % Vaps_gjm + @V2 * Vapi g + @V3 % Vagij_ygn + @V4 # Vg + bv))]

outl671= O

Infeg]i= (%)

neg)= (*» Derive the pressure equation
The Pressure equation 1is deduced after integration equation
for conservation of mass and substitution of velocities. It
is multiplied to time step. This make algorithm more stable,
when are used small time steps for calculation of supersonic fluid flow.
Integrated equation for conservation of mass:
dcpxhxupipxhy i nt(rhoUngs g jnetng 1 jn=rhoUngs jusUng gy Jehy gt

(rhOVll[-i j llu*Vu[.ijl]ll—rhOVu[.i j]"*v"['i j]")*hx"['i]"=o

Substutude 1in integrated equation for
conservation of mass the velocities in using preudo velocities:
Unpi jr=upSeudon; jpu=dungs jprk(pugs jr=Pogi_jpr)
Vo jjn=VPSeudOu; jn=dVoi v (Pri =P §_u)

*)

n7o= (* In unsteady term the density have to be substututed with
pressure using eqation of state. At this way the numerical equation
for pressure satisfy the sufficient condition for convergence of
iterative method and no under relaxation coefficients are needed: %)
Prpigy PPF g

Ipdrhodt::Simplify[ - *hxqﬂ"*hyqﬂd;
Temperu;sn  Temperprug g
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w71- Ipdrhoudx = Simpli fy[(rhouny g * (Upseudous; ;5 = dungs g * (Pui1gn = Porigym)) -

rhouuﬁj].. * (upseudo..ﬁj].. - du--ﬁj]-- * (p--ﬁ jm - pu[-i_lj]u))) * hy..[j].. * ht];

nrzi- Ipdrhovdy = Simpli fy[(rhovug sy * (vpseudous; sy = dVigijyn * (Pupijym = Pogigpm)) -

r'hOVu[-ij]u * (vpseudo..[.ij].. - dV"[-ij]" * (pu[-i = pn[-ij_lln))) * hX“['i]" * ht];

n73= PExpresion = FUllSimplify[(Ipdrhodt + Ipdrhoudx + Ipdrhovdy)]

Prij] PPFij)
ou73)=  hXp4 hy[j] - +
Temper(;;  Temperpriy

ht hyy; (rhougisg (dugig (- Prizg + Priqy) + upseudoyy ) = rhougis) (dugig) (Pr_sg) = Prigy) + upseudoy; ) +

ht hxgi; (= rhoviig) (dvpig) (= Pris + Pri_u) + vpseudog; ) + rhovpijy (dvpijy (Prij = Prij) + vpseudoy; )

n74-= (*+ Derice numerical coefficients %)
ap0 = Simplify[Coefficient[pExpresion, pu;jy]]
hyp)

Out[74]= ht dU[-i 1] hy[]] rhOU[i 191+ ht duh' 3l hy[]] rhOU[-ij] + hX[-i] ht dV[-ij] rhOV[i g1t ht dV[q’jl] rhOV[ijl] +
Temper;;

In[75]

apl = Simplify[-Coefficient[pExpresion, pu; 151]]

ourrsl- ht dugigy hy; rhougig

n7el- ap2 = S'impl'ify[—Coeff‘iC'ient[pExpreS'ion, p..mj]..]]

oui7el= ht dU[-ilj] hy[j] rhOU[-ilj]

n77- ap3 = Simplify[-Coefficient[pExpresion, puij ]

Out[77]= ht dV[-]j] hX[-i] rhOV[-ij]

nrej- ap4 = Simplify[-Coefficient[pExpresion, pupjyn]]

ourel- ht dvpijy hxpy rhoviigy

ni79):= bp =
Simpli fy[—(pExpreS'i on - (apo * Pupig — (apl * Pupi_19n + @P2 * Pupj1gn + AP3 * Prpij_1yn + ap4 * p"['ijl]")))]
ouzel- ht hyy (- rhoujij upseudoy; 5 + rhougi 5 upseudoy; ;) +
hY15 PP

hxpi) [ = + ht rhov;ij; vpseudo; 5 - ht rhovyijy vpseudo;y
Temperpri;

nigoj= (# Check the derived coefficients - the result has to be zero: %)
Simplify[
-(PExpresion - (ap0 x pupijim = (QPL * pri_1j)n + AP2 * Prpi1gm + AP3 * Prpij_yyn + AP4 * Prpijy + bp)))]

out[go]= O
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Infgt]= (%%)

nigz- (* Derive the energy equation %)

ne3- (*+ Integration of unsteady term.
It is multiplicated by time step to make numerical equation more stable,
when are used small time steps for calculation of supersonic fluid flows. %)

ITdrhoTdt = Simpli fy[(rho--ﬁj]-- * Temperpjm = rhoprupjm * Temperpr..ﬁj]..) * hXupip % hy..[j]..];
nig4= (* Integration of convective terms %)

inesi- ITdrhouTdx =
Simpli fy[("max(o s FXupizgn)" * Temperup jn = "max(0 , =FXugi15)" * Temperug i + "FX[113]" *
"TVD_s_in_coeff(Temper[i_1j], Temper[ij]l, Temper[ilj]l,Temper[i2j],hx[i_1],hx[i],hx[il
1, hx[i2], Fx[113])" * (Temperu;jn — Temperg; ;) +
-("max(@, Fxu4)" « Tempe Fugi_ggpr = "Max(0 , =FXupijyn)" * Temperug i + "FX[15]" *
"TVD_s_in_coeff(Temper[i_2j], Temper[i_1j],Temper[ij], Temper[ilj]l,hx[i_2],hx[i_1
1, hx[i], hx[i1], Fx[ij])" *

(Temperu; s — Temperu; 15))) * ht];

ingel= ITdrhovTdy =
Simpli fy[("max(o s FYuigyn)"" * Temperupjn = "max (0, =Fyu;5n)" * Temperuy;yn + "Fy[ij1]" %

"TVD_s_in_coeff(Temper[ij_1],Temper[ij]l, Temper[ijl], Temper[ij2],hy[j_1],hy[j],hy[j1

1,hy[32], Fy[ij1])" * (Temperu;;yn - Temperu; ) -
("max(@ s FYnpigp)" x Temperp; gpe = "max(0,=Fyu40)" * Temper o + " Fy[ij]" =
"TVD_s_in_coeff(Temper[ij_2],Temper[ij_1],Temper[ij]l,Temper[ijl],hy[j_2],hy[j_1],
hy[31,hy[j1], Fy[ij])"

(Temperu; s - Temperu;; i) * ht];

nie7= (* Integration of diffusion terms x)

Inggl= (%

hyun
fu¥k = 5

TaIN= A
DTX"[U] CT1al "X3"" 0. Bu(hxug_yerhxug)

M. is determined using average harmonic between two values:
I'/\"X?,=H'i (r{\n[.i_lj]u 9 rﬂ[.ij].. ’ th[-i_]_]u ) thl[-i]n) ;
*)
ITdGldTdx2 =
Simp Ui Fy[(DTXuri 14y * (Temperu;5n = Temperug; n) = DTXups 0 * (Temperug v — Temperu; 450)) * ht];
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Ing9l= (%
hXugspm

= A —_
DTYup4n=CT 1l "yi'f"*0.5*(hy..[j_1]..+hy..[j]..) 5

F"..yf.. is determined using average harmonic between two values:
J

rA"ny":H'i (P33 > Mg g s WY g g s By ) 3
*)
ITdGldTdy?2 =
Simp Ui Fy[(DTyui i * (TEMperu; yn = Temperug; u) = DTYugi 5y * (Temperug jn — Temperu;; yu)) * ht];

ngoi= (* Integrate source term x)

u"[‘ilj]" - U"[i 3" 2
et ITdudx2 = | —————— * hXupipn * hyu;pn;
hXII[-i]Il

V"['ijl]" - V"['i jm

2
In[92]: ITdde2 = [ ] * thI[-i]ll * hyn[j]n;

hyug:m
[31
2 2 2
. . V"[‘i S5 Rl V"['ij]" V"['ij]" - V"['i_lj]" V"['i 1y - V"['ijl]"
9= ITdvdxdudy2 = Simp1li fy[ T + + +
; * (thl[-i]ll + hX"['il]") E * (th[.i_]_]u + th[-i]n) E * (th[.i]n + hX"[‘il]")
2 2 2
V"['i_lj - VII[-ijl]ll u"['ijl]" - uu[-ij]ll uu[-ij]ll - u"[-ij_]_]u
1 + 1 + 1 +
5 # (hXugi_yyn + hXogspn) S * (hYuggp + hywgq0) S *(hYugs_gn + hyuggp)

2 2
u"['iljl]" - u"[‘ilj]" u"[‘ilj]" - u"[‘ilj_l]" 1 h 1 h
& h h + & h h * 5 * Xll[-llll * 5 * y"[j]"]’
> *( yu[j]u + y"[jl]") > *( y"[j_l]" + yu[j]u)
2
L|u[.i 1j]" -— Uu[.i j]" v"[‘ijl]" -— v"[‘ij]"
In[94]:= ITdUdXdde2 = + * th[-i]n * hyu[j]u ;
hX"['i]" hy"[j]"

2
wosi- IT® = Simpli fy[(z % (ITdudx2 + ITdvdy2) + ITdvdxdudy2 - — ITdudxdvdyZ)]
3

(Upzg - Upzg ) (Yo - Ysagn) (Upg - Ui )
oufesl- hxpiy hyy, =t >t S+
(hyg +hy; )" (hyg +hygy)™  (hyg +hyg )

2 2 2 2 2
(Ugij = Urijn) (Vei_131 = Viig1) (Vei1g) - Veiq) (Vi = Viigu)” (Vi = Visju)
+ + + + +
2 2 2 2 2
(hy[]] + hy[] l]) (hX[-i] + hX[-iil]) (hX[-i] + hX[-i l]) (hX[-i] + hX[-iil]) (hX[-i] + hX[-i 1])

2 2
hyg) (e = Uia)” g (Vg - Visjo) 2
2 + - hX[q’] hy[]]
hx) hy[j] 3

2
Urizg —Urig  — Vg + Vidsa
+

inee= ITdudx = (u--mj]-- - uu[-ij]u) * hy..[j]..;

ino7)= ITdvdy = (V--ﬁjl]u - v--h-j]u) * hXopgpn 3
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Injegl= (%
The source term is: ST = Cyy.F.®+Cr3.p(0xu+dyV)

where:
Q:z((axu)2+(ayv)2)+(axv+6yu)2—§ (axu+ayv)?

*)
ITST = CT2 % % IT® + CT2 % pugijpn * (ITdudx + ITdvdy)

ouresl CT2 prigy (hypg) (Upag = Upian) + hxg (= Vesg + Viign) +

(uping - Uh‘lj,ll)2 (uping - Uﬁljl})2 (g - Uﬁj,ll)2 . (g - Uﬁjl})2
+ +

CT2 r hX[-i] hy[]] 5 > > 5
(hyg +hysn)”  (hyg +hygy)™  (hyg +hyg ) (hyg +hygy)

2 2 2 2
(Vri_191 = Vi) (Veiq = Veig) (Veiagn = Veisn)™  (Vegn = Vi)
+ + +
2 2 2 2
(hX[i] + hX[iil]) (hX[i] + hX[~i 1]) (hX[-i] + hX[-Ll]) (hX[q‘] + hX[-i l])
2 2
hyg) (Ueas =)™ gy (Vg = Vidg)

2
+ - = hX[-]] hy[]]

2
Uiij) —Uig — Vg + Vg
+

by hy)

neo)- (* Derive coefficients for source term %)

nioo- aSTO = Simplify[-Coefficient[ITST, Temper.;;n]]
out[100]= O
o= aST1 = Simplify[Coefficient[ITST, Temperu; 14.]]
out[101]= O
ni02- aST2 = Simplify[Coefficient[ITST, Temperu;, ]|
out[102]= O
nios- aST3 = Simplify[Coefficient[ITST, Temperuy; 1]
out[103]= O
04~ aST4 = Simplify[Coefficient[ITST, Temperu;;ym]]
out[104= O

njiosi= (x STp = @ => the coefficients aSTO, aST1, aST2,

aST3 and aST4 are not check for simplification. %)
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niiosl= (* STp = @ and all coefficients aST®, aST1, aST2, aST3 and aST4 are 0.
Therefore STc 1is equal to the integrated source terms of energy equation. %)
STc = ITST
outiosl- CT2 prig) (hypgy (Upizg = Upig) + gy (= Veigp + Visjo)) +
2 2 2 2
(Urzg - Upzg)”  (Ueng - Upzgn)”  (Upg - Ues) (Uris) = Urij)
CT2TrT hX[-i] hy[]] ) + 3 + " + - +
(hyg + hygs.1) (hyg +hyin)™  (hyg +hyg o) (hyg + hyggn)

(Vri_1g - Vh‘jl)2 (Viq - Vh’jl)2 (Viagy - Vﬁjl])2 . (Viigy - Vﬁjl])2
+ +

(hX[-i] + hX[-iil])z (hX[-i] + hX[-i 1])2 (hX[-i] + hX[-iJ_])2 (hX[-]] + hX[-i l])2

2 2 2
hyg (Ueas =)™ hxg (Vg - visgn)® ) 2 Ufg =Yg = Vs + Vg
+ -— hX[-]] hy[j] +
hX[-]] hy[]] 3

hX[-]] hy[j]

In[107):= (%)
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o= (*+ ALl terms are moved to the left hand
side to derive the numerical coefficients. %)
TExpresion = Simplify[(ITdrhoTdt + ITdrhouTdx + ITdrhovTdy - (ITdGldTdx2 + ITdGldTdy2)) - STc]
ourios- —ht (DTxpi3 (Temper ;s 15, - Temper s5) + DTxpi15 (Temper ;5 - Temper ;5)) + ht ((-max(®, Fxi ) + Fx[1]]
TVD_s_in_coeff(Temper[i_2j],Temper[i_1j], Temper[ij]l, Temper[iljl,hx[i_2],hx[i_1], hx[i
1, hx[11], Fx[1]])) Temper; ;5 +
(-max(®,-Fx;i14) + Fx[117]]
TVD_s_in_coeff(Temper[i_1j],Temper[ij], Temper[ilj], Temper[i2j],hx[i_1],hx[i],hx[i1],
hx[12], Fx[11]])) Temper ;4 +
(max(0, Fxpi13) + max(0,-Fxi5) - Fx[113]
TVD_s_in_coeff(Temper[i_1j],Temper[ij], Temper[ilj], Temper[i2j],hx[i_1],hx[i],hx[i1],
hx[i2], Fx[113j]) - Fx[i]]
TVD_s_in_coeff(Temper[i_2j],Temper[i_1j], Temper[ij], Temper[iljl,hx[i_2],hx[i_1], hx[i
1,hx[11], Fx[1]])) Tempe rh-j]) +
ht ((max(0,-Fy) + max(®, Fyp;y) - Fy[ij1]
TVD_s_in_coeff(Temper[ij_1],Temper[ij], Temper[ijl], Temper[ij2],hy[j_11,hy[]],hy[j1],
hy[j2], Fy[1j1]) - Fy[i]]
TVD_s_in_coeff(Temper[ij_2],Temper[ij_1], Temper[ij], Temper[ijl],hy[j_2],hy[j_1],hy[j
1,hy[j1], Fy[i]])) Temper ;5 + (-max(®, Fy) + Fy[i]]
TVD_s_in_coeff(Temper[ij_2],Temper[ij_1], Temper[ij], Temper[ijl],hy[j_2],hy[j_1],hy[]
1,hy[j1], Fy[i]])) Temper ;5 4 +
(-max(o, -Fypig1) + Fy[i3i]
TVD_s_in_coeff(Temper[ij_1],Temper[ij], Temper[ijl], Temper[ij2],hy[j_11,hy[]],hy[jl],
hy[32], Fy[ij 1])) Temperﬁjl]) -
ht (DTy4 (- Temper i + Temper ;5 1;) + DTy (- Temper s + Temper(;;y)) +
hxq) hy5 (rhogij) Temper ;4 - rhoprss Temperpriy) - CT2 prij (hyg; (Uizg = i) + hxe (= Vig + Vi) -

(Uping - Uﬁlj,u)2 .\ (Uping - Uﬁljl])2 . (uig - Uﬁj,ll)2 . (uig - Uﬁjl])2

CT2T [hxﬁ] hy[j] [ " " > >
(hyg +hy )" (hyg +hygy)™  (hyg +hyg g)°  (hyg +hygy)

+ +

2 2 2 2
(Vi 131 = Vi) (Vi = Vi)™ (Viasn - Visn) (Viiagn - Vig)
+ +
2 2 2 2
(hX[-i] + hX[‘i_l]) (hX[-i] + hX[-i 1]) (hX[-]] + hX[-]_]_]) (hX[-]] + hX[-] l])

. )2 2 2

hy) (Ugns =)™ hxg (Veig = Viijm) 2 Uriagl —Urigr — Vg + Vidjy
2 + - — hxp hyys +
3 0l [31

hX[-]] hy[J] hX[-i] hy[]]
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nito9)= (* Derive numerical coefficients %)
aTo = Simplify[Coefficient[TExpresion, Temperu;;u]]
oufiogl= max(0, Fxpi15) ht +max(0,-Fx;4) ht +max(o, -Fyiq) ht + max(0, FYrjy) ht - Fx[i17]

TVD_s_in_coeff(Temper[i_1j],Temper[ij], Temper[ilj], Temper[i2j], hx[i_1],hx[i], hx[i1], hx[i2],
Fx[11j]) ht - Fx[ij]

TVD_s_in_coeff(Temper[i_2j],Temper[i_13j], Temper[ij], Temper[ilj],hx[i_2],hx[i_1],hx[i], hx[i1]
» FX[ij]) ht - Fy[ij1]

TVD_s_in_coeff(Temper[ij_1],Temper[ij], Temper[ijl], Temper[ij2],hy[j_1],hy[j], hy[j1], hy[j2],
Fy[ij1]) ht-Fy[i]]

TVD_s_in_coeff(Temper[ij_2],Temper[ij_1], Temper[ij], Temper[ijl],hy[j_2],hy[j_1],hy[]],hy[]1]
,Fy[ij]) ht + ht DTx(i15 + ht DTx45, + ht DTy + ht DTy(i5y + hxg4 hy[j] rhogij

nitiop= aTl = Simplify[-Coefficient|TExpresion, Temperu; ;i
[i_1j]

ouf110]= ht (max(O > FXpi91) = Fx[i3]
TVD_s_in_coeff(Temper[i_2j], Temper[i_1j], Temper[ij], Temper[i13], hx[i_2],hx[i_1],hx[i], hx|
1], FX[13]) + DTxi )

niti1- aT2 = Simplify[-Coefficient|TExpresion, Temperugqimn
[i1j]

oufi11- ht (max(®,-Fxpi1g) - FX[113]
TVD_s_in_coeff(Temper[i_1j],Temper[ij], Temper[ilj], Temper[i2]],hx[i_1],hx[i],hx[i1],hx[i2]
) FX[-| 1j]) + DTX[-] l]])

2= aT3 = Simplify[-Coefficient[TExpresion, Temperu;; ;]
ouriizl- ht (max(@, Fyuq) - Fylijl
TVD_s_in_coeff(Temper[ij_2],Temper[ij_1], Temper[ij], Temper([ijl],hy[j_2],hy[j_1],hy[j],hy[
j1l, Fy[i3D) + DTY[ij])
- aT4 = Simplify[-Coefficient[TExpresion, Temper;;y]]

Out[113]= ht (max(O ,—Fy[-ij]_]) - Fy[-'| J l]
TVD_s_in_coeff(Temper(ij_1], Temper[ij], Temper(ij1l, Temper(i32], hyli_1I, hyljl, hy[j1l, hy(j2]
s Fy[31]) + DTy 454)

14 bT = Simplify[-(TExpresion - (aTo * Temper; -

(aTl« Temperu; jjm+aT2* Temperuy; i+ aT3 x Temperu;; i +aT4 * Temper;;ym + STc)))]
oufiial- hxpy hyg, rhopri;; Temperpri;;,
ni11s- (# Check the derived numerical coefficients - the result has to be zero: %)
Simplify[TExpresion - (aTo » Temper; . -
(Tl Temperu; jju+aT2* Temperu;, i +aT3 » Temperu;; yu + aT4 * Temper;;yu + bT + STc))]

out[115]= @



